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Abstract

When partitioning a state into political districts, a common criterion is that political subdivisions

like counties should not be split across multiple districts. This criterion is encoded into most state

constitutions and is sometimes enforced quite strictly by the courts. However, map drawers,

courts, and the public typically do not know what amount of splitting is truly necessary. In this

paper, we provide answers for all congressional, state senate, and state house districts in the USA

using 2020 census data. Our approach is based on integer programming. The associated codes

and experimental results are publicly available on GitHub.

League ofWomen Voters v. Pennsylvania (2018)

(a) Pennsylvania’s overturned districts

28 split counties, 37 county splits

(b) Pennsylvania’s court-manded districts

13 split counties, 17 county splits

Definition (County Clustering)

A county clustering is a partition (C1, C2, . . . , Cc) of the counties along with associated cluster

sizes (k1, k2, . . . , kc) such that:

1. the cluster sizes (k1, k2, . . . , kc) are positive integers that sum to k;
2. each cluster Cj is contiguous, i.e., induces a connected subgraph of GC ;

3. each cluster Cj satisfies population balance, i.e., Lkj ≤ p(Cj) ≤ Ukj.

Theorem (Carter et al., 2020)

We have (min # splits)= k−(max # clusters), “except in rare circumstances”.

(a) Example: Splitigan has (min # splits)= 2,
k = 4 districts, and (max # clusters)= 2

(b) Counterexample(!): this claw instance

requires more than k − 1 county splits

Definition (Split Duality)

A districting instance exhibits weak split duality if (min # splits)≥ k−(max # clusters).
It exhibits strong split duality if (min # splits)= k−(max # clusters).

Methodology

Theorem (Weak Split Duality)

Weak split duality always holds. Strong split duality does not always hold.

Our approach exploits weak split duality and has three steps (each solved with IP techniques).

1. Cluster. Partition the counties into a maximum number of county clusters (C1, C2, . . . , Cc) with
associated cluster sizes (k1, k2, . . . , kc).

2. Sketch. For each cluster Cj , sketch a districting plan for it that has kj districts and kj − 1
county splits.

3. Detail. For each cluster Cj , find a detailed districting plan that abides by the sketch’s support.

If step 1 is successful, then k − c splits is a lower bound. If steps 2 and 3 are successful, then

(k1 − 1) + (k2 − 1) + · · · + (kc − 1) = k − c splits is an upper bound.

Step 1: MIP for Cluster (see paper for Steps 2 and 3)

max
∑
j∈C

xjj

s.t.
∑
j∈C

xij = 1 ∀i ∈ C∑
j∈C

yj = k

Cj = {i ∈ C | xij = 1} is connected ∀j ∈ C

Lyj ≤
∑
i∈C

pixij ≤ Uyj ∀j ∈ C

xij ≤ xjj ∀i, j ∈ C

xij ∈ {0, 1} ∀i, j ∈ C

yj ∈ Z+ ∀j ∈ C.

Theorem (Rounding Inequalities)

Let t be a positive integer, and let j be a county. The following rounding inequality is valid.∑
i∈C

⌊
tpi

U + 1

⌋
xij ≤ tyj − xjj.

Results: All instances solved to optimality!

Table 1. For each state and district type (congressional, state senate, state house), what is the maximum number of

county clusters (c), minimum number of county splits (s), and the enacted number of county splits (se)? We impose a

±0.5% deviation for congressional instances and a ±5% deviation for legislative instances.

Congressional State Senate State House

state |C| k c s se k c s se k c s se

AL 67 7 7 0 6 35 19 16 35 105 29 76 115

AZ 15 9 2 7 15 30 6 24 44 30 6 24 44

CA 58 52 11 41 72 40 14 26 56 80 20 60 95

CO 64 8 6 2 20 35 13 22 42 65 18 47 73

FL 67 28 9 19 31 40 16 24 32 120 26 94 112

GA 159 14 12 2 21 56 31 25 60 180 57 123 209

IL 102 17 8 9 53 59 20 39 135 118 31 87 220

IN 92 9 8 1 8 50 28 22 48 100 39 61 129

LA 64 6 6 0 15 39 18 21 77 105 29 76 116

MA 14 9 2 7 22 40 6 34 59 160 10 150 182

MD 24 8 4 4 9 47 10 37 45 47 10 37 67

MI 83 13 9 4 21 38 18 20 64 110 32 78 154

MN 87 8 6 2 12 67 26 41 100 134 34 100 176

MO 115 8 7 1 10 34 20 14 16 163 47 116 137

NC 100 14 11 3 13 50 28 22 24 120 40 80 80

NJ 21 12 3 9 20 40 10 30 56 40 10 30 56

NY 62 26 8 18 26 63 20 43 66 150 26 124 179

OH 88 15 11 4 14 33 20 13 20 99 35 64 77

PA 67 17 10 7 17 50 23 27 47 203 39 164 186

SC 46 7 6 1 10 46 16 30 68 124 24 100 145

TN 95 9 7 2 11 33 20 13 15 99 36 63 74

TX 254 38 19 19 59 31 19 12 41 150 50 100 101

VA 133 11 9 2 11 40 24 16 34 100 38 62 98

WA 39 10 6 4 11 49 13 36 59 49 13 36 59

WI 72 8 7 1 13 33 20 13 73 99 30 69 159

Conclusion

Preserving political subdivisions is a key traditional redistricting principle; it is encoded into

many states’ laws; it may inhibit gerrymandering

In most cases, the minimum number of county splits was not previously known, but we can

find it with integer programming techniques

We apply to congressional, state senate, and state house districting

Strong split duality does hold in practice

Many states’ districting plans divide counties much more than necessary

Disclaimer: We make no claims that the generated maps are “good” or legal
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